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Abstract. Pulsars, formed during supernova explosions, are known to be sources of relativistic magnetized winds whose in-
teraction with the expanding supernova remnants (SNRs) gives rise to a pulsar wind nebula (PWN). We present spherically
symmetric relativistic magnetohydrodynamics (RMHD) simulations of the interaction of a pulsar wind with the surround-
ing SNR, both in particle and magnetically dominated regimes. As shown by previous simulations, the evolution can be divided
into three phases: free expansion, a transient phase characterized by the compression and reverberation of the reverse shock,
and a final Sedov expansion. The evolution of the contact discontinuity between the PWN and the SNR (and consequently of
the SNR itself) is almost independent of the magnetization of the nebula as long as the total (magnetic plus particle) energy
is the same. However, a dierent behaviour of the PWN internal structure is observable during the compression-reverberation
phase, depending on the degree of magnetization. The simulations were performed using the third order conservative scheme
by Del Zanna et al. (2003).
Key words. ISM: supernova remnants – stars: pulsars: general – stars: winds, outflows – magnetohydrodynamics –
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1. Introduction
Supernova remnants (SNRs) are nebulae originating out of
the explosions of massive stars, Supernova events (SN),
which typically release energy of 1053 erg. Most of this
energy is carried away by neutrinos produced during the
core-collapse phase and the formation of a degenerate stel-
lar remnant (neutron star). The remaining energy (about 1%)
gives rise to a blast wave that sweeps up the outer layers
of the star and produces a strong shock propagating in the
surrounding medium. The details of such an expansion de-
pend on a number of dierent parameters: the ejected mass
and energy, the nature and density distribution of the ambi-
ent medium (Dwarkadas & Chevalier 1998; Featherstone et al.
2001; Blondin et al. 1996), the eciency of radiative losses
(Chevalier & Blondin 1995), anisotropies in the supernova ex-
plosion (Wang et al. 2002; Chevalier & Soker 1989), as well as
neutron star spin-down power and proper motion space veloc-
ity (Chatterjee & Cordes 2002; Frail et al. 1994; Strom 1987).
Hence, in principle one should expect to find a large variety of
dierent structures among PWN-SNR systems.
If the stellar remnant is a rapidly spinning magnetized neu-
tron star (pulsar), then a late energy input is supplied to the
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nebular remnant in the form of a wind composed of relativistic
particles (mainly electron-positron pairs, with possibly a mi-
nority of ions (Amato et al. 2003 and references within)) and a
toroidal magnetic field. Most of the pulsar rotational energy
goes into the launching of this supposedly highly relativis-
tic wind, with a bulk Lorentz factor typically estimated to be
in the range 104−107 (Rees & Gunn 1974; Michel & Li 1999).
The detailed magnetospheric physics at the origin of such an
outflow is still poorly understood, but one point on which all
current theories agree is that the wind should be magneti-
cally dominated at a distance from the pulsar corresponding
to the so-called light cylinder radius, RLC = c=Ω, with Ω the
pulsar spin frequency. At larger distances a bubble of relativis-
tically hot magnetized plasma is then created. This bubble (of-
ten called “plerion”) shines in a very large range of frequen-
cies, from radio wavelengths up to X-rays and even γ-rays,
due to the synchrotron and Inverse Compton emission of the
relativistic particles. The global properties of the pulsar wind
nebula (PWN) can be modeled in terms of injection parame-
ters and evolutionary eects (Pacini & Salvati 1973; Reynolds
& Chevalier 1984). However, the energy released by the pul-
sar during its entire life-time (1049 erg in the case of the Crab
Pulsar) is much less than that driving the expansion and evolu-
tion of the SNR. Therefore we expect the PWN to have limited
eects on the global dynamics of the SNR.
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The evolution of the PWN-SNR can be divided into vari-
ous phases with dierent observational features (Woltjer 1972;
Cio 1990; Reynolds & Chevalier 1984; Chevalier 1998),
which result from the interaction of the SNR structures with
the pulsar wind bubble. The SN explosion leads to the forma-
tion of a SNR in which three main discontinuities can be found:
a forward shock that propagates in the ISM, a reverse shock
that propagates inside the free expanding ejecta, and a con-
tact discontinuity separating the shocked ISM from the shocked
SN material. Initially the overall structure expands and also the
reverse shock moves away from the origin of the explosion,
but, as the amount of swept ISM grows, the speed of the con-
tact discontinuity decreases and, finally, the reverse shock starts
moving back to the origin, where it collapses on a time scale
of the order of 103−104 years. Initially (up to about 103 years
after the SN explosion, before the reverse shock in the ejecta
starts moving back), the pulsar spin-down luminosity is nearly
constant and provides a steady energy injection in the PWN.
The PWN expands as t6=5 in the freely expanding supernova
ejecta, in the case where the SN has a constant density pro-
file (we will refer to this phase as the free expansion phase
due to the fact that the PWN is inside the freely expanding
ejecta). The second phase (often referred as the Sedov-Taylor
phase) results when the PWN contact discontinuity reaches the
SNR reverse shock in the ejecta. At this point the PWN ex-
pansion stops and the SNR reverse shock start compressing the
PWN toward the pulsar (McKee 1974; Cio et al. 1988). The
main observational signature of this process is an increase in
radio luminosity associated with the magnetic field enhance-
ment and particle re-energization due to compression. In the
absence of a PWN, the SNR reverse shock would collapse to
the center, but when a plerion exists, the presence of an hot bub-
ble prevents the collapse from happening and after a transient
phase, characterized by oscillations of the contact discontinu-
ity, the nebula enters a phase of slow expansion (Sedov expan-
sion phase, Sedov 1959), and finally dissipates in the interstel-
lar medium (ISM).
Hydrodynamical simulations aimed at investigating the
free expansion and Sedov-Taylor phases were recently car-
ried out both in one (van der Swaluw et al. 2001 (SW)) and
two (Blondin et al. 2001 (BCF), Jun 1998) dimensions. These
studies were intended to provide some insights into the
details of the system evolution and its stability properties
(Rayleigh-Taylor instability may occur both in the free ex-
pansion (Jun 1998), and in the Sedov-Taylor (BCF) stages as
a consequence of ejecta acceleration and compression by the
reverse shock). However, all the previous investigations dealt
with non-relativistic hydrodynamic regimes. Our aim is to ex-
tend such simulations to the more realistic relativistic magne-
tohydrodynamical (RMHD hereafter) regime, in order to eval-
uate if the hydrodynamical (HD hereafter) approximation is
good enough and what dierences one may expect. In this pa-
per, we present one-dimensional RMHD simulations of the first
two evolutionary stages in spherical symmetry, thus extending
the HD study by SW. Two-dimensional simulations of the free-
expansion phase will be presented in a forthcoming paper. We
will show that no significant dierences in the global evolution
arise between the HD and RMHD cases, both in the free
expansion phase and during the reverse shock reverberation,
even if dierent structures may form inside the PWN. We ex-
pect major dierences to arise in the multidimensional case
where the toroidal magnetic field may play an essential role
in the development and growth of instabilities, eventually re-
moving degrees of freedom from the system.
2. Numerical simulation
All the simulations have been performed by using the newly de-
veloped scheme by Del Zanna et al. (Del Zanna & Bucciantini
2002; Del Zanna et al. 2003). We refer the reader to the cited
papers for a detailed description of the code, the equations and
algorithms employed. This is a high resolution conservative
(shock-capturing) code for 3D-RMHD based on accurate third
order reconstruction ENO-type algorithms and on an approxi-
mate Riemann solver flux formula (HLL) which does not make
use of time-consuming characteristic decomposition. The code
used here has been modified by adding a new equation for a
tracer that allows us to use dierent adiabatic coecients for
the pulsar wind material and for the SNR-ISM medium, namely
γ = 4=3 and γ = 5=3 respectively, following the same approach
as in Bucciantini (2002), but modified for the HLL solver actu-
ally used by the code. The use of two dierent adiabatic coe-
cients on a contact discontinuity with a very large density jump
(density may change by factors of order 106−107, see Fig. 2)
leads to the formation of waves that tend to propagate back into
the PWN (Shyue 1998; Karni 1994); however such waves are
well subsonic (the ratio between velocity fluctuations and the
sound speed is about 0.07 in the HD case, and that between ki-
netic and thermal energy is less than 10−3) so that the behaviour
of the PWN is not very much aected.
2.1. Choice of initial parameter and injection
conditions
The simulations were performed on a 1024-cell radial grid, cor-
responding to a physical domain extending from the origin to
30 Ly. The evolution of the system is followed for 30 000 years.
We set continuous conditions at the outer boundary (zero order
extrapolation) and reflection at the origin. Density, momentum-
energy and magnetic field from the pulsar are injected in the
first cell. No radiation cooling is assumed.
Initial conditions are similar to those adopted by SW: to-
tal energy in the ejecta Etot = 1051 erg, mass in the ejecta
Mej = 3 M, ISM mass density 10−24 g/cm3, chosen to match
the parameters for the Crab Nebula. The supernova ejecta are
set at the initial time in the first computational cells: we adopt
here a spatially constant density (o) profile and a velocity pro-
portional to the distance from the origin such that:
Mej =
∫ Ro
0
4or2dr (1)
Etot ’
∫ Ro
0
4
2
ov
2r2dr (2)
where Ro is the initial radius of the ejecta (we have set Ro =
1:2 Ly for a good resolution, but simulations give nearly the
N. Bucciantini et al.: Spherically symmetric relativistic MHD simulations of pulsar wind nebulae in SNRs 619
same results also for smaller values). While in the work by SW
the supernova energy is initially set as enhanced thermal pres-
sure, here we have decided to set it as kinetic energy for numer-
ical convenience, in order to reduce the initial diusion of the
contact discontinuity and thus to obtain a sharper density pro-
file (this problem is common to all central-type schemes that
avoid spectral decomposition).
The pulsar wind is created by injecting mass, momentum-
energy, and a purely toroidal magnetic field in the first com-
putational cell, with a total luminosity that depends on time in
order to include the spin-down process:
L =
Lo
(1 + t=)2 (3)
where Lo = 5  1038 erg/s, and  = 600 years; no magnetic
field is initially present in the SNR or in the ISM. In all the
simulations we have kept constant in time the following ratios
of injected quantities: the ratio of magnetic energy and total
energy (), and that of particle energy and mass 100. Units
where c = 1 are used. Three dierent simulations will be con-
sidered here:
– purely hydrodynamic; mass and momentum-energy in-
jected as a wind with Lorentz factor 100, and p= = 0:01,
no magnetic field;
– slightly magnetized wind (  0:003); as in the previous
case mass, momentum and particle energy are injected as a
wind with Lorentz factor 100, and p= = 0:01;
– Magnetically dominated; in this case there is no self-
consistent quasi-steady shock solution on the timescale of
PWN-SNR evolution (as soon as a shock is formed in the
PWN, it starts collapsing back to the center). We have in-
jected in the first cell magnetic and thermal energy with the
ratio between the two close to equipartition (corresponding
to   0:5). In this case we have a hot source instead of a
cold wind, with p=  100:
The injection of the wind is actually a delicate process, espe-
cially in the highly magnetized case. The reason is that there
are cases when the flow in the first cell becomes subsonic, due
to the collapse to the center of the termination shock (this hap-
pens at very early times when a highly magnetized wind is con-
sidered, but it also happens in the low and zero magnetization
cases, although at later times, since the decreasing pulsar input
leads to situations in which the shock has to move very close
to the pulsar in order for the wind ram pressure to contrast the
inward push from the outer nebula). When the flow in the first
computational cell is subsonic, there is no longer a complete
freedom in the choice of the injected quantities. We have cho-
sen to assign the values of mass, total energy fluxes and . This
forced us to treat the magnetic field not as a primitive variable
but rather as a derived quantity. This is especially important in
the magnetic case to ensure energy conservation. Assigning the
total energy flux and  fixes the magnetic luminosity ˙Emag, so
that:
Emag(t + dt) = Emag(t) + dt 
(
˙Emag
)
; (4)
and the value of ˙B is then derived using the following equality:
Emag(t + dt) = 0:5 
(
B(t) + dt  ˙B
)2
: (5)
We have checked that such injection condition ensures the cor-
rect energy balance in the PWN.
3. Discussion
In this section we will briefly review the various phases of the
PWN-SNR interaction (the reader is referred to SW and BCF
for a more detailed analysis in the hydrodynamic case), fo-
cusing on the eect of the magnetic field, especially inside
the PWN, which had not been taken into account previously.
First of all, we find an overall slower evolution of the SNR,
and, consequently, a slower evolution of the PWN, with respect
to the work by SW, even if all the structures appear to be ba-
sically the same. As far as the PWN is concerned, the slower
evolution is mainly the eect of a dierent adiabatic coecient
(4/3 instead of 5/3) that makes the nebula more compressible
(the PWN size is about 10% larger if 5/3 is used, given the
same energy input). As for the SNR, the dierent time scale of
the evolution is most probably due to the dierent setup of the
initial conditions (the energy released by the explosion is now
in the form of kinetic energy rather than thermal).
We do not expect the global evolution of the system to be
dierent between the HD and RMHD case. The only two pa-
rameters that rule the evolution for a given SNR are the PWN
energy and its radius. In SW it is shown that, for a given SNR,
the evolution of the contact discontinuity (Rpwn) is completely
determined by the local value of the PWN pressure. When the
RMHD case is considered, the total pressure may vary inside
the PWN due to magnetic tension, but its value at the bound-
ary still stays the same since it is a function of Etot alone.
Neglecting adiabatic and radiation losses, the following evo-
lution equation holds for the PWN in the general RMHD case:
˙R2pwn = f
(
P
(
Rpwn
))
= f
 Etot4R3pwn
 ; (6)
where the function f contains the dependences on the SNR
parameters.
Let us consider the two extreme cases: no magnetic field
and magnetic field alone. When no magnetic field is present,
the total pressure is just the thermal pressure and is approxi-
mately constant (Ptot = P(Rpwn)) so that:
Etot =
∫ Rpwn
0
12Ptot r2dr = 4P
(
Rpwn
)
R3pwn: (7)
On the other hand, in the magnetically dominated case Ptot =
B2(r)=2, and B(r)  1=r, so:
Etot =
∫ Rpwn
0
4Ptot r2dr = 4P
(
Rpwn
)
R3pwn; (8)
and the second equality in Eq. (6) still holds.
The thermal and magnetic pressure appear in a completely
analogous form in the two cases (this is due to the fact that the
dierent proportionality coecients between pressure and en-
ergy for an HD (1/3) and magnetically dominated (1) plasma
exactly compensate the dierent pressure profile). So it is ap-
parent that what is important for determining the propagation
speed of the contact discontinuity is just the value of the total
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Fig. 1. Density and pressure profile for the hydrodynamic case at time
T = 1 kyr after the supernova explosion. From the origin one can
see the termination shock of the relativistic wind (a), the PWN contact
discontinuity (b), the swept up shell of ejecta (c), the reverse shock (d),
the contact discontinuity between ejected and shocked ISM material
(e) and the blast wave propagating in the unperturbed ISM (f).
pressure, not the role that is separately played by the magnetic
field and the particles. It can be also shown that the relativis-
tic plasma and the toroidal magnetic field undergo the same
adiabatic losses, so the energy variation is analogous for the
two components under compression or expansion of the neb-
ula (Pacini & Salvati 1973). As far as radiation losses are con-
cerned, these are dynamically important only in the pressure
dominated portion of the PWN (i.e. only for the time a par-
ticle spends in the pressure dominated region), and not in the
magnetically dominated part where the dynamics are ruled by
the magnetic field. Actually, radiative cooling may play a more
important role in the evolution of the SNR.
Figure 1 shows the density and pressure after 1000 years
in the HD simulations: the small oscillations seen in the pres-
sure and density profile of the PWN, as well as the wall heat-
ing (point b) at the boundary (Del Zanna & Bucciantini 2002),
are mainly due to the use of two dierent adiabatic coecients
(for a discussion of spurious wave generation in multifluid
Fig. 2. The radius of the PWN contact discontinuity as a function of
time: T = 0−1:8 kyr free-expansion phase; T = 1:8−15 kyr unsta-
ble reverse shock reverberation phase; T = 15−30 kyr Sedov ex-
pansion phase. The curve shows the evolution for the hydrodynamic
case, only dierences too small to be shown on the plot are present
in the magnetic cases, mainly due to magnetic diusion at the contact
discontinuity.
simulations see Kun & Jishan 1998), and they completely dis-
appear when a single fluid is used. The various discontinuities
are all well developed: moving from the origin outward, we
find the pulsar wind termination shock, the contact discontinu-
ity separating the hot relativistic bubble from the ejecta mate-
rial, the shock in the ejecta driven by the PWN expansion, the
reverse shock propagating into the ejecta, the contact disconti-
nuity between the ejected and ISM material, and the blast wave
propagating in the unperturbed ISM.
In Fig. 2 the position of the contact discontinuity is shown
for the HD case. The weakly and strongly magnetized cases are
basically the same except for some minor dierences mainly
due to the numerical diusion of the magnetic field. The only
way to reduce this eect is to use more sophisticated wave-
based Riemann solvers. However, we do not deem this neces-
sary since the eect is kept within a few computational cells. As
anticipated the behaviour is very similar to that found by SW,
even if the evolution turns out to be slower. This agrees with
what one would expect, given the same initial energetics. The
free expansion phase lasts for about 2000 years, until the swept
up shell of ejecta hits the reverse shock of the SNR. Then the
expansion stops and the reverberation phase begins: the reverse
shock compresses the PWN until the pressure of the latter be-
comes high enough to stop it and to push it back. There is a
transient phase characterized by oscillations of the PWN con-
tact discontinuity and finally the structure relaxes to the Sedov
phase.
In Fig. 3 the time evolution of both density and pressure
is shown. As soon as the reverse shock starts compressing
the PWN, the termination shock moves toward the origin and
finally collapses to the first computational cell. At later times,
when the SNR enters the Sedov expansion phase, the ram pres-
sure in the wind has dropped to such a low value that the termi-
nation shock cannot be detached from the first cell any more.
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Fig. 3. Evolution of a PWN inside a SNR for the HD case. Density
(top) and pressure (bottom) in logarithmic gray-scale and contour lev-
els, with black corresponding to low values and white to high values.
In the bottom panel the position of the contact discontinuity is shown.
While the reverse shock moves inward compressing the PWN
and increasing its pressure, the contact discontinuity separat-
ing the ejecta from the shocked ISM still moves outward. The
pressure in the ejecta decreases due to rarefaction, and when the
compression phase has gone on for about half of its total dura-
tion, it reaches the same values as the pressure inside the PWN,
and the compression starts slowing down. As can be seen from
the pressure evolution, the PWN experienced phases of com-
pression and rarefaction; if the latter are strong enough they
may give rise to enhancements of the radio emission, so that
one can expect to see old remnants with high radio luminosity
near the pulsar position. These oscillations also trigger the for-
mation and propagation of weak shocks in the SNR, which may
reheat the ejecta. These shocks form when compressions stop
and a new expansion phase begins (in our simulations we see
only two of them, which propagate in the SNR with a velocity
of the order of 1000 km s−1, and a jump in pressure of about a
factor of 2). As shown in BCF the number, amplitude and time
scale for the oscillations during the reverberation phase, may
vary in dierent PWN-SNR systems so that the eect of such
weak shocks may be important in the case of low luminosity
pulsars or light SN ejecta.
In spite of the fact that the evolution of the contact dis-
continuity between the PWN and the ejecta (and as a conse-
quence the evolution of the SNR) is the same in both the HD
and RMHD cases, the structure inside the PWN shows dier-
ent behaviors. This is due to the dierent stiness of a mag-
netically dominated plasma with respect to a purely HD one.
For a hot relativistic plasma such dierences can be easily un-
derstood looking at the wave speeds: in the magnetically dom-
inated case the wave speed is c while in the HD case it cannot
exceed c=
p
3, therefore the magnetically dominated region acts
more similarly to a rigid body in transmitting inward informa-
tion from the PWN boundary. This plays an important role dur-
ing the reverberation phase. In a magnetized case the terminal
velocity inside the PWN tends to a positive asymptotic value
(that should match the velocity of the contact discontinuity),
which increases as the magnetic pressure becomes more and
more important. When the PWN reaches the reverse shock in
the SNR, the contact discontinuity cannot go any further and
starts moving back to the origin. The magnetically dominated
part (which is in asymptotic condition) also starts to move back
and compress the particle dominated region, where mass and
energy also increase as a consequence of the pulsar injection. A
high density, and high pressure region is formed near the origin,
whose dimension is a function of the ratio between the injected
magnetic and thermal energy during the pulsar life (we have as-
sumed it to be constant). In spite of this dierent behaviour, the
magnetic field and particle pressure combine in a way to give
the same total pressure at the boundary in the various cases, as
we explained.
Figures 4 and 5 show density and pressure in the slightly
magnetized and magnetically dominated case after 1000 years
(the same as in Fig. 1). As anticipated the position of the con-
tact discontinuity and the value of the pressure at the boundary
are the same as the HD case, while rather dierent PWN struc-
tures arise. The internal structure in Fig. 4 is consistent with the
Kennel & Coroniti model (Kennel & Coroniti 1984) even if we
are not able to resolve the termination shock (this should be in
the first cells but numerical diusion spreads it to the first one).
The pressure profile shows a central region dominated by the
thermal pressure and an outer magnetically dominated zone: at
the contact discontinuity the PWN has a ratio between mag-
netic and thermal pressure 10. The wall heating eect is still
present even if it is less than in the HD case. In Fig. 5 the mag-
netic pressure is / r−2 (and almost coincident with the total
pressure inside the PWN) as expected for a magnetically dom-
inated nebula (with a purely toroidal magnetic field), only very
near to the origin it reaches values close to equipartition with
the thermal pressure.
In Fig. 6 the temporal behaviour of density, total pressure
and thermal pressure is plotted for the case when  = 0:003:
density and pressure in the SNR are very similar to the hydro-
dynamic case while inside the PWN they show dierent radial
profiles decreasing toward the contact discontinuity. During
the various compression and expansion phases, due to reverse
shock oscillations there are enhancements of pressure that can
produce high temperature and high magnetic field regions near
the pulsar, eventually observable at radio wavelengths. Looking
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Fig. 4. Density and pressure profile for the  = 0:003 case at time
T = 1 kyr after the supernova explosion. The SNR structure is
the same as in Fig. 2, while a dierent profile for PWN quantities
arises: the termination shock is not detached; the total pressure at the
PWN contact discontinuity is the same as in the HD case. The bot-
tom panel shows the total (solid line), the thermal (dotted line) and the
magnetic (dashed line) pressure.
at the thermal pressure we can see the eect of the dier-
ent rigidity between the magnetically and thermally dominated
part of the PWN. As compression starts, the magnetic region
moves suddenly and starts compressing the thermally domi-
nated portion near the origin. The material starts moving to-
ward the pulsar which still continues to inject mass and en-
ergy so that these accumulate at small radii. Finally, when the
system enters the Sedov expansion phase, matter and thermal
energy start being advected away from the pulsar again. This
behaviour is completely absent in the HD case where density
remains constant inside the nebula. This fact is important in
that it leads to dierent observable signatures in old SNR-PWN
systems depending on the magnetization of the bubble. The di-
mension of the overcompressed region can in principle be used
to estimate the magnetic field inside the nebula and, from this,
the magnetization in the pulsar wind itself: the larger the size
of the overcompressed region the lower the magnetic field in
Fig. 5. Density and pressure profile for the   0:5 case at time
T = 1 kyr after the supernova explosion. In the bottom panel dierent
curves represent various pressure contributions as in Fig. 4.
the bubble. In the case of no magnetic field we find a uniformly
hot bubble, while in the magnetized case the emission enhance-
ment may be higher near the pulsar and, in principle, even eas-
ier to detect.
A similar behaviour is present in the magnetically domi-
nated case shown in Fig. 7, but in this case the thermal pressure
becomes too noisy (it must be derived numerically from the
total pressure, which is much larger, so that unavoidable ac-
curacy errors arise), and the eect of the dierent rigidities is
more easily seen by looking at the density evolution. The over-
all nebula can be considered to be in a magnetically dominated
condition (except for the first cell). The injected material re-
mains in the first cell during the compression and is advected
away only at later times when the nebula enters the Sedov ex-
pansion phase. In this case we expect to find a high pressure
and high magnetic field spot near the pulsar that may be hot
enough to be detected not only in radio but also at higher fre-
quencies (microwaves or IR).
N. Bucciantini et al.: Spherically symmetric relativistic MHD simulations of pulsar wind nebulae in SNRs 623
Fig. 6. Evolution of a PWN inside a SNR for the  = 0:003 case.
Density (top) and total pressure (middle) and thermal pressure (bot-
tom) are represented in logarithmic gray-scale and contour levels, with
black corresponding to low values and white to high values. In the
middle and bottom panels the position of the contact discontinuity is
shown.
3.1. Comparison with existing analytic models
Two classes of analytic solutions exist in the literature for
the internal structure of PWNs: the steady-state solution
(Kennel & Coroniti 1984, KC) and the self-similar solution
(Emmering & Chevalier 1987, EC). It is interesting to compare
the predictions of the analytic models with the results of our
simulations, also to evaluate how good those models are. We
Fig. 7. Evolution of a PWN inside a SNR for the   0:5 case.
Density (top) and pressure (bottom) are represented in logarithmic
gray-scale and contour levels, with black corresponding to low val-
ues and white to high values. In the bottom panel the position of the
contact discontinuity is shown.
have chosen to compare our results with the EC model, since
this allows for a non-zero velocity of the termination shock.
It should be emphasized that the applicability of these mod-
els is limited to the first phase of the evolution of the PWN-
SNR system, before the reverse shock in the SNR reaches the
PWN contact discontinuity. Moreover a comparison between
our results and the work by EC is only possible for the HD and
slightly magnetized case, the only two cases for which a shock
solution exists.
The solution found by EC (as well as that by KC) relies on
two strong assumptions: a constant pulsar spin-down luminos-
ity and a constant velocity at the outer boundary of the PWN.
None of these applies to our case: in our simulations the spin-
down power fed to the nebula by the PSR varies according to
Eq. (3) and the velocity of the contact discontinuity increases
with time during the evolutionary stage we are considering,
changing from an initial value of 0:005c to a value of 0:007c
when the system is 2000 years old. Both these factors lead to
dierences between our results and those found by EC, but the
dierent energy input as a function of time likely plays the most
important role. As the PSR luminosity decreases, the position
of the wind termination shock moves to smaller radii than in the
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constant luminosity case. This eect can be easily estimated in
the pure HD case. Assuming a constant energy input, the po-
sition of the termination shock Rs(t) can be estimated through
the condition of pressure equilibrium:
L
4cR2s (t)
=
Lt
4R3pwn
; (9)
this becomes in the time dependent case:
L(t)
4cR2s (t)
=
∫ t
0 L(t)dt
4R3pwn
 (10)
When the PSR luminosity is described by Eq. (3), after
1000 years, the value of Rs is a factor 0.612 less than in a case
when the luminosity is taken to be constant and to give the same
value of Rpwn.
Taking the EC solution in the unmagnetized case and with
the shock velocity set to 3:510−4c (as evaluated from our sim-
ulation), we can determine the position of the contact disconti-
nuity (normalized to the termination shock radius) as the point
where the flow speed equals the values of 7:  10−3c, corre-
sponding to the velocity of the contact discontinuity in our sim-
ulation). Doing this, we find (Rpwn=Rs)EC  0:5(Rpwn=Rs)sim,
where the subscript EC is the ratio computed on the basis of
EC model, and the subscript sim is our simulation value. This is
consistent with our expectations based on the discussion above.
In Fig. 8 the numerical simulation is compared with the
EC solution scaled to the same wind termination shock radius.
Apart from the small waves previously discussed, we see a
good agreement in the post-shock region. The two models show
bigger dierences in the outer part of the nebula. As we men-
tioned, the EC model gives a smaller nebular radius: the outer
nebula is “more stretched” in our case (we want to point out
that even if the analytic solution exends up to about 5.5 Ly, the
dimension of the nebula determined by matching the bound-
ary velocity is smaller, 3.6 Ly). This dierence is the result
of the dierent pulsar spin-down law: material in the outer part
was injected at early times, when the luminosity was larger, and
carries more energy, so that it tends to expand as the wind ram
pressure drops, and to push the more recently injected material
close to the pulsar.
A comparison in the  = 0:003 case is even more deli-
cate: the variation of the boundary velocity is now more impor-
tant because the velocity is close to the asymptotic value for a
shocked wind with such magnetization so that even small vari-
ations can lead to major dierences in the nebular size. Again
we have chosen the EC model with the same magnetization for
a comparison, even if in this case the termination shock is not
detached from the first cell so that we could easily assume that
its velocity is zero. Results are shown in Figs. 9 and 10, both for
the overall nebula and for the post-shock region. The analytic
model has been rescaled to the shock position resulting from
our simulation (determined through a best fit procedure) which
turns out to be at about 0.07 Ly from the origin. The radial pro-
files agree very well with the EC model, even if the nebula is
more extended and the magnetically dominated part appears to
be larger. The dierences in dimension can again be in part ac-
counted for as an eect of the dierent pulsar spin-down law
Fig. 8. Comparison of the density (upper) and pressure (bottom) pro-
files in the pure hydrodynamic case. The solid line is our numerical
simulation while the dashed line is the EM model rescaled to the ter-
mination shock radius.
(RS should be 0.2 Ly if L(t) were constant), but likely, in this
case, variations of the velocity at the boundary as well as nu-
merical discretization are also of some importance.
Our results suggest that, taking into account the spin-down
process, the Crab Nebula, where the ratio Rpwn=Rs is believed
to be about 20, should probably have a smaller magnetization
parameter than what is estimated by KC. It should be noted
that EC arrived at the same conclusion based on the speed of
the termination shock. However, this subject deserves further
investigation.
4. Conclusion
In the present paper, relativistic MHD simulations of the evo-
lution of a PWN inside a SNR, in the spherically symmetric
approximation, are shown for the first time. The early free ex-
pansion and Sedov-Taylor stages have been studied, both in
the hydrodynamical and magnetohydrodynamical (with dier-
ent magnetizations) regimes for the PWN. These simulations
are mainly aimed at extending previous similar works (espe-
cially SW) to the more appropriate relativistic and magnetic
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Fig. 9. Comparison of the density (upper) and thermal pressure (mid-
dle) and magnetic pressure (bottom) profiles for the case  = 0:003.
The solid line is our numerical simulation while the dashed line is the
EM model rescaled to the termination shock radius.
Fig. 10. Same as Fig. 9 but for the immediate post shock region.
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regimes. Moreover, two dierent adiabatic coecients are used
for the PWN and for the SNR (two fluids).
An important result is that the evolution of the contact dis-
continuity only depends on the total energy in the PWN while
it is independent of its magnetization. The same result was
found previously by Emmering & Chevalier (1987) under the
assumptions of time-constancy of the PSR power input and of
the velocity of the contact discontinuity.
Our simulations do not take into account radiative losses.
Such losses may aect the PWN in the early phases when syn-
chrotron losses are especially intense, but, in principle, on the
time scale of the PWN-SNR system evolution they could be
accounted for by renormalizing the pulsar spin-down energy
input (and eventually changing the magnetization of the neb-
ula). Radiative losses may be important in a non-trivial way for
the dynamics of the contact discontinuity and the SNR evolu-
tion. Radiation cooling may aect the dynamics of the swept-
up shell of ejecta as well as the pressure evolution during the
reverberation phase, eventually reducing the time-scale and the
amplitude of the oscillations of the contact discontinuity. The
main simplification of the model is, however, the reduction of
the degrees of freedom of the system because of the assump-
tion of spherical symmetry (i.e. 1-D). This prevents us from ad-
dressing the very important issue of how the instabilities, that
are known to occur at the interface between the PWN and the
ejecta both during the expansion and reverberation phase, de-
velop and evolve. At the same time we completely neglect the
intrinsic anisotropies that the system is likely to posses, like
those due to the pulsar spatial velocity or to the internal struc-
ture of the ejecta.
We also found that the time-dependence of the spin-down
process of the pulsar and the decrease of ram pressure in the
wind might be important elements in the time-dependent mod-
elling of PWNs. Steady-state models can provide a good de-
scription of the radial dependence of the various quantities (in
units of the distance from the shock) but they cannot be used to
estimate with confidence the relative dimension of the contact
discontinuity and the wind termination shock. This argument
however deserves further investigation that is beyond the scope
of this article.
As in previous studies, we find that the transition between
the free expansion phase and the Sedov-Taylor expansion is
unsteady and characterized by reverse shock reverberation that
increases both the pressure and the magnetic field in the PWN,
eventually reheating the plasma and producing bursts of radio
emission in the later phase of the PWN life, when the pulsar
has radiated almost all its spin-down energy. We do not find
significant dierences in the magnetic case. However, magnetic
forces inside the nebula give pressure and density profiles with
higher values near the origin (provided the total energy is the
same). Moreover, the pressure at the boundary keeps the same
value and the evolution of the contact discontinuity and of the
SNR is unchanged. Even compression does not alter the global
behaviour of the system, but the presence inside the PWN of
two dierent regions (an internal thermal pressure dominated
and an outer magnetic dominated zone) with dierent associ-
ated rigidities gives rise to an overcompression near the ori-
gin, where mass and energy coming from the pulsar are con-
fined inside a small radius. In this case a high-temperature and
high-magnetic field spot is formed, which could eventually be
revealed not only in radio but also at higher frequencies (mi-
crowaves or IR).
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